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(j [ We consider a static, axially symmetric, and asymptotically flat exact solution of 

the Einstein vacuum equations, known as the gamma metric. This is characterized by 
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two constant parameters m and 7. We find that the total energy associated with this 
metric is 7717. Considering the total energy to be positive, we investigate the nature of 
a curvature singularity r = 2m (r is the radial coordinate) in this metric. For 7 < 1, 
^ ■ this singularity is globally visible along 8 = as well as 8 = tt/2. However, for 7 > 1, 

this singularity is though globally naked along ^ = vr/2, it is not visible (even locally) 
along 8 = 0. Thus, this exhibits "directional nakedness" for 7 > 1. This could have 
implications for astrophysics. 
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It is well-known that the general theory of relativity predicts the occurrence of the space- 
time singularities in gravitational collapse. At singularities, the spacetime curvature is enor- 
mously large and the classical general relativity theory breaks down there. Whether or not 
the singularities are visible to observers at infinity has been debated. As physics at a space- 
time singularity is not known, the existence of a naked singularity is usually expected to give 
serious problems as compared to a singularity which is not visible. For instance, there can 
be production of matter and/or radiation out of extremely high gravitational field and, as 
one knows, mechanism for that is not understood. Due to such reasons, naked singularities 
are abhorant to many physicists. The problem is observationally avoided if and only if it is 
assumed that no information can escape out of a singularity. Penrose 0, in a seminal review, 
asked, "Does there exist a cosmic censor who forbids the occurrence of naked singularities, 
clothing each one in an absolute event horizon?" The answer to this question is not known. 
Penrose|2|] as well as Hawking0 considered this as the most important unsolved problem of 
classical general relativity theory. The hypothesis that a physically realistic collapse will not 
lead to naked singularities is referred to as the cosmic censorship hypothesis (CCH) ( []!]]- 0]). 
Penrose 0] mentioned that unless the production of a naked singularity in a gravitational 
collapse is stable, the CCH remains valid. There is no agreed and precise statement of a 
CCH. There exists in the literature some other formulations to CCHQ. However, due to 
the lack of a precise mathematical formulation describing "a physically realistic system" , no 
proof for any version of CCH is known. 

Penrose^, three years after he proposed the CCH, expressed his opinion that it had 
long seemed to him that the presumption that the spacetime singularities that arise in 
gravitational collapse must inevitably reside inside black holes was a product largely of 
wishful thinking. He further suggested that the possibility that naked singularities may 
sometimes arise must be considered seriously. Since many remarkable and violent phenomena 
are seen in astronomy, he|| suggested that it is worth speculating that naked singularities 
may play a role. Whether or not the CCH is true is a very important issue, as its validity is 
fundamental to lot of work that has been done on black holes. On the other hand, if the CCH 
is wrong and naked singularities occur in nature, then one might have a chance to study the 
effects of highly curved regions of spacetime. Over last twenty five years, after the CCH was 
proposed, the subject of singularity has fascinated many researchers' minds (]7|]-[|T2j|). When 
a proof for a hypothesis is not known, it is worth obtaining counterexamples (see 0-[]nj] and 
references therein). 

The Schwarzschild solution has a spacetime singularity at r = (r is the radial coordi- 
nate). This singularity is covered by an event horizon if the mass parameter m is positive. 
Similarly, the Kerr solution has a ring singularity which is covered by an event horizon if 
the mass parameter m is positive and is greater than the absolute value of the rotation 
parameter a. However, for the case m? < a 2 , there is no event horizon and the singular- 
ity is globally naked. Carter demonstrated that the ring singularity (m 2 < a 2 ) is visible 
only for the equatorial plane (see in 0). He also showed that the null geodesies from the 
neighbourhood of singular ring can escape to infinity only in directions very close to the 
equatorial plane. Using this property, Penrose (0,11) suggested a possible explanation to 
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Weber's gravitational waves observation. He argued that a rotating naked singularity at the 
center of the Galaxy would have the property that signals from the neighbourhood of this 
are necessarily beamed in one plane. This could remove the mass-loss conflict in Weber's 
observation. However, it is now usually believed (though it has not been explicitly proved) 
that m 2 < a 2 Kerr singularity cannot result from a realistic gravitational collapse. Though 
there is a general consensus that Weber's conclusion was wrong, it remains of interest to in- 
vestigate whether or not other visible singularities have similar characteristics, which could 
be useful for explaining some astronomical observations in future. Obviously, only aspher- 
ical visible singularities can show such behaviour. We investigate the well-known gamma 
metric and find that it has a singularity which possesses "directional nakedness". We use 
geometrized units ( G — 1, c = 1) and follow the convention that Latin (Greek) indices take 
values ... 3 (1 ... 3). 

A static and asymptotically flat exact solution to the Einstein vacuum equations, known 



as the gamma metric, is given by the line element 1 13]: 
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where, 



A = r 2 — 2mr, 

£ = r 2 — 2mr + m 2 sin 2 9. 



(2) 



m and 7 are two constant parameters in this solution, m = or 7 = gives the flat 
spacetime. For I7I = 1 the metric is spherically symmetric and for I7I 7^ 1, it is axially 
symmetric. 7 = 1 gives the Schwarzschild spacetime in the Schwarzschild coordinates. 
7 = — 1 gives the Schwarzschild spacetime with negative mass, as putting m = —M(M > 0) 
and carrying out a nonsingular coordinate transformation (r — > R = r + 2M) one gets the 
Schwarzschild spacetime (with positive mass) in the Schwarzschild coordinates t, R, 8, $. 

First, we investigate the total energy, momentum, and angular momentum for the gamma 



metric. For this purpose, we use the symmetric energy-momentum complex of Weinberg ||14|| 
which is given by 
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rjik is the Minkowski metric. Indices on hik or d/dxi are raised or lowered with help of 77's. 
It is obvious that 



D = —D . (6) 

W 00 and W a0 are the energy and energy current (momentum) density components, respec- 
tively. W lh satisfies the covariant local conservation laws: 

dW ih 

Using Gauss's theorem, one has the energy and momentum components (P° is the energy 
and P a are the momentum components) 

D a0i n a dS (8) 



IQtt 

and the physically interesting components of the angular momentum are 

J a P = J! [x a D a0t5 - x l3 D a0a + rf a h^ - rj aP h 0a ) n a dS. (9) 

where n a is the outward unit normal vector and dS is the infinitesimal surface element. 

The use of the Weinberg energy- momentum complex (which is a non-tensorial object), 
like any other energy-momentum complex, is restricted to quasi-Minkowskian coordinates 
(see [15 and references therein). Therefore, we transform the line element ([!]) to quasi- 
Minkowskian coordinates (t, x, y, z) according to x = r sin 9 cos <p,y = r sin 9 sin and z = 
r cos 9, and evaluate the above integrals at large distance. We get the total energy, momen- 
tum, and angular momentum : 

P° = 777/y, 
P a = 0, 

J a(3 = 0. (10) 



Respecting the total energy to be nonnegative, in the following, we consider m > 0,7 > 0, 
but 7 7^ 1 (as 7 = 1 corresponds to the Schwarzschild metric and the structure of singularity 
for that is well-known in the literature). The divergence of the Kretschmann invariant 
fC = R a b c dR abcd (Rated is the Riemann curvature tensor) for a given spacetime is a sufficient 
condition to have spacetime singularities. Therefore, we calculate the same for the gamma 
metric and get 

K= 16m 2 7 2 N 
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where 



N = m 2 sin 2 6» {3m7 (V + l) (m - r) + 7 2 (4m 2 - Qmr + 3r 2 ) + m 2 (V + l)} 

+ 3r (7m + m — r) 2 (r — 2m) . (12) 

We study the nature of r = 2m spacetime singularity. A spacetime singularity is called 
globally visible if there is a future directed causal curve with one end "on the singularity" and 
the other end on the future null infinity. We investigate the polar as well as the equatorial 
"radial" null geodesies in the gamma spacetime. The Kretschmann invariant along these 
geodesies are, respectively, 

48m 2 7 2 (m7 + m - r) 2 
" rW {r _ 2m) 4- 2 , (13) 

and 

r 16m 2 7 2 S 

(e=?r/2) r^ + 27 + 2 (r _ 2m) 2 ^ +2 (r - m) 6 ^ 2 ' 1 J 

where 

S = m 4 ( 7 4 + 37 3 + 4 7 2 + 37 + l) - 3m 3 r ( 7 3 + 4 7 2 + 57 + 2) 

+ 3m 2 r 2 (2 7 2 + 67 + 5) - 6mr 3 (7 + 2) + 3r 4 . (15) 

/C(e=o) diverges at r = 2m for 7 < 2 (7 7^ 1) only, whereas /C( 0=7r / 2 ) diverges at r = 2m for all 
values of 7 (7 7^ 1). As the divergence of the Kretschmann invariant is a sufficient (not the 
necessary) condition for a spacetime singularity, one concludes that r = 2m is a curvature 
singularity in the gamma metric irrespective of the value of 9. 

The null geodesies are governed by equations 

— + r>V = 0, (16) 

with 

9ijvV = 0. (17) 
where v % = ^ is the tangent vector to the null geodesies (k is the affine parameter). 
Case(i) Outgoing polar "radial" null geodesies 
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The outgoing polar "radial" null geodesies in gamma spacetime are given by 
v r = E, 

v e = v * = 0, (18) 
where E(E > 0) is an integration constant. Thus, one has 

dt = (l- — ) dr (19) 

We evaluate the integral lim e ^ J 2 i +e (l — v 1 ) 7 dr, where R is finite. 
For 7 > 1, 

nR / 2m \ -7 , ^ f R dr 



ru / 2m\' f 
lim / 1 rfr > lim (2m + e) 7 / 

(2m + e) 7 



= lim 



o ( 7 -l) 



2m+e (r — 2m) 7 

e 1 - 7 - (i?-2m) 1 ~ 7 l = oo. (20) 



For 7 < 1, 



lim / ( 1 - — dr < limi? 7 / — 

e-*0J2m+e V T / e~>0 J2m+t (r — 2m) 



(i?-2m) 1 - 7 

" * (l- 7 ) ' (21) 

which is finite. Thus, with respect to the polar "radial" null geodesies, the r = 2m singularity 
is not (even locally) naked for 7 > 1, whereas it is globally visible for 7 < 1. 

Case(ii) Outgoing equatorial "radial" null geodesies 



The outgoing equatorial "radial" null geodesies in the spacetime are given by 

, / 2m\~T 
v f = El 



r 



r ( r 2 — 2mr + m 2 \ 2 

\ r 2 — 2mr J 

v 9 = u* = 0, (22) 
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Thus, one has 



dt 



! 2m \ 7 (r 2 — 2mr) 
r J ( r _ m ) 7 



27-7^+1 
t~ 2 



i my- 7 



27-72+1 
(r - 2m) 2 



(23) 



For finite R, 



linu 



2ra+e 



27-7+1 



(1-7 



(r-2m) 2 



is clearly positive and finite for all values of 7 (77^ 1). Therefore, with respect to the 
equatorial "radial" null geodesies, r = 2m singularity is globally naked for all values of 7. 
Thus, the r = 2m spacetime singularity in the axially symmetric gamma spacetime has 
"directional nakedness" for 7 > 1, i.e., it is globally visible along 9 = 71/ '2, whereas it is not 
(even locally) naked along 9 = 0. However, for 7 < 1, r = 2m singularity is globally naked 
along 9 = as well as 9 = ir/2. It is of interest to investigate whether or not this singularity 
(r = 2m for 7 > 1) is naked along other directions. As the "directional naked" singularities 
can exist only in aspherical spacetimes, it is of interest to study if it is a generic feature of 
such spacetimes (of course, with some restrictions on the spacetime parameters, e.g., 7 > 1 
in the gamma metric and m 2 < a 2 in the Kerr metric). It remains to be investigated whether 
or not a "directional naked" singularity occurs in the collapse from a reasonable nonsingular 
initial data. The detailed studies of these would enrich our knowledge of singularities in 
general relativity and this could have implications for astrophysics. 
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